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Abstract Possible astrophysical consequences of the Horˇava quantum gravity
theory have been recently studied by several authors. They usually employ
the Kehagias-Sfetsos (KS) spacetime which is a spherically symmetric vacuum
solution of a specific version of Horˇava’s gravity. The KS metric has several
unusual geometrical properties that in the present article we examine by means
of the often used technique of embedding diagrams. We pay particular attention
to the transition between naked singularity and black-hole states, which is
possible along some particular sequences of the KS metrics.
Keywords Horˇava’s gravity · spherically symmetric KS solution · optical
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1 Introduction
Black holes almost certainly exist in the real universe. In studying their prop-
erties, astrophysicists usually use two famous exact solutions of Einstein’s field
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equations of his general relativity theory — the Schwarzschild solution that de-
scribes a static, spherically symmetric gravity of a non-rotating black hole, and
the Kerr solution which describes a stationary, axially symmetric gravity of a
rotating black hole. The Reissner-Nordstro¨m solution which describes a static,
spherically symmetric gravity of a charged, non-rotating black hole is consid-
ered to be astrophysically unrealistic, because charged macroscopic objects
quickly neutralize by accreting plasma of the opposite sign. The Schwarzschild
and Kerr black holes are now quite familiar objects in astrophysics.
However, black holes in the real universe may be different from those of the
Schwarzschild or of the Kerr type. First, Einstein’s theory of gravitation has
not yet been tested in its strong field limit relevant to black holes. A variety
of alternative gravity theories were studied and theoretically and observation-
ally tested, in the strong gravity limit. Firstly, there is a number of papers
related to braneworld black holes [1,2,3] or stringy black holes [4,5,6,7,8].
On the other hand, there is an extensive study of regular black holes where
general relativity is combined with non-linear electrodynamics [9,10,11,12,13,
14,15,16]. Inspired by some ideas of quantum theory, static and rotating, reg-
ular (i.e. singularity-free), black hole spacetimes have been proposed [17,18,
19,20,21,22,23,24], and also their behavior due to gravitational collapse has
been studied [25]. The solution representing regular black holes in the de Sitter
universe has been found in [26]. Alternatively, string theory could allow for ex-
istence of superspinars [27,28]. Secondly, although the quantum gravity theory
is still unknown, there are numerous hints that quantum effects may influence
strong gravity. Several attempts have been made to describe this influence.
Horˇava’s theory [29,30] is a particular recent example. Like some other quan-
tum gravity theories, it points to interesting possibilities that may be directly
relevant to astrophysics: (a) the existence of naked singularities with observa-
tional consequences that may be calculated, (b) a dynamical phenomenon of
“antigravity” [31]. It seems that these two features are genuine for a wide class
of Einsteinian (e.g., Reissner-Nordstro¨m) and non-Einsteinian (e.g., quantum)
strong gravitational fields. In this paper we discuss these phenomena specifi-
cally for the Horˇava gravity, in terms of embedding diagrams. The embedding
diagrams help to build intuition about strongly curved spacetime geometry,
which is equivalent to strong gravity.
2 Horˇava’s quantum gravity
Horˇava [29,30] proposed a new approach to quantum gravity that is a field
theory based on solid state physics ideas [32], being invariant under Lifshitz
scaling (t → βzt, x → βx), with the dynamical critical exponent z flowing
from z = 3 in the short wavelength UV limit, to the value z = 1 in the large
wavelength IR limit. The theory “could therefore serve as a UV completion of
Einstein’s general relativity” [29]. Gravity is an emergent property of the IR
limit of the theory; thus Newton’s constant is given by a constant of the theory
κ, through G = κ2/32πc, c is being the speed of light. In this field-theoretical
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version of quantum gravity the field equations are derived from a Lagrangian
that guarantees Lorentz invariance (and no preferred time) at low energies,
but no Lorentz invariance (and a preferred time) at high energies. Because of
different scaling between time and space, the Horˇava quantum gravity action
at UV limit is not invariant under general relativistic diffeomorphisms, but it
has to be invariant under a diffeomorphism preserving foliations: t → t∗(t),
xi → xi∗(t, xi). The space and time are treated differently in Horˇava gravity,
then Lorentz violation occurs at all scales at the UV regime, but vanishes in
the IR general relativistic limit.
Soon after, Kehagias and Sfetsos [33] derived and solved a modified ver-
sion of Horˇava’s field equations for the spherically symmetric, static (i.e. a
“Schwarzschild-like”) case. We will call it the KS spacetime (or the KS met-
ric) for short. Writing
ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt) (1)
and discarding the cosmological term, the authors of Ref. [33] considered the
action of modified Horˇava gravity
S =
∫
dtd3x
√
gN{ 2K2
(
KijK
ij − λK2)− κ22ν4CijCij
+κ
2µ
2ν2 ǫ
ijkR
(3)
il ∇jR(3)lk − κ
2µ2
8 R
(3)
ij R
(3)ij
+ κ
2µ2
8(1−3λ)
1−4λ
4
(
R(3)
)2
+ µ4R(3)}, (2)
where Kij = (g˙ij − ∇iNj − ∇jNi)/(2N) is the extrinsic curvature of the
t = const hypersurfaces and Cij = ǫikm∇k(R(3)jm − R(3)δjm/4) is the Cotton
tensor, R(3) is the 3-D Ricci scalar of the hypersurfaces. The constants κ, ν and
λ are dimensionless, while the constant µ has mass dimension 1. The terms
involving ν vanish in the spherically symmetric case [33].
In this paper we discuss some extreme geometrical properties of the KS
spacetimes that may be relevant for astrophysics. While Horˇava’s theory it-
self is not generally covariant, our calculations in the KS metric are — they
fulfill the standard rules of a covariant theory familiar from Einstein general
relativity. The KS spherically symmetric solution is asymptotically flat in the
λ = 1 case, with Ni = 0, and N
2 = 1/|grr| ≡ f , where f is the so called
lapse function of the spacetime. The obtained solution contains the parameter
ω = 16µ2/κ2 > 0, in addition to the gravitational mass M , and tends to the
Schwarzschild solution in the limit of the dimensionless parameters product
ωM2 →∞ (expressed in geometrized units). Presumably, ω is a universal con-
stant, if the KS solution correctly describes the gravity of spherically symmet-
ric objects. For large masses, ωM2 > 1/2, the Kehagias-Sfetsos solution has
event horizons and corresponds to a black hole [33]. The current observational
(lower) limits on ω are compatible with the existence of naked singularities at
masses M < 2.6× 104M⊙ [34,35,36].
We conduct our discussion in terms of the embedding diagrams of the KS
metric “equatorial planes”. The KS geometry is spherically symmetric, and
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therefore the geometry of all central planes is the same as that of the equa-
torial plane. This allows us to consider, with no loss of generality, these par-
ticular embedding diagrams as a faithful representation for the whole KS ge-
ometry. A similar approach was used previously, for different spacetimes, by
several authors. For example, Kristiansson et al. [37] analyzed embedding of
the Reissner-Nordstro¨m (RN) 3-spaces. This work is particularly relevant in
the present context. We will see later that RN and KS metrics share several
interesting properties that nicely show up in the embeddings1.
We use here the standard embeddings of the conventional “physical”, i.e. a
simply projected 3-D space but also less standard embeddings of a projected
and in addition conformally re-scaled “optical” 3-D space. The optical geom-
etry reflects directly some dynamical properties of the particle and photon
motion. For example, geodesic lines in the KS optical 3-D space coincide with
the photon trajectories.
3 The Kehagias-Sfetsos spacetime
An important class of static and spherically symmetric spacetimes has a gen-
eral form,
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dθ2 + r2 sin2 θdφ2. (3)
The “simply projected” 3-D space at a given time t, is defined by a t=const
section of the spacetime. In this 3-D space, one may define the “equatorial
plane” by θ=π/2. It has the intrinsic metric
dℓ2 =
1
f(r)
dr2 + r2dφ2. (4)
In the classic (non-quantum) Einstein gravity, for all the static, vacuum, spher-
ically symmetric and asymptotically flat spacetimes, the lapse function f(r)
must be necessarily given by its “Schwarzschild” form,
f(r) = 1− 2M
r
, (5)
where M is the mass in “geometrical” units of length, c=1=G.
Kehagias and Sfetsos [33] found that in the quantum-gravity version of
(3)-(5) one should only modify the lapse function f(r),
f(r) = 1 + r2ω
(
1−
√
1 +
4M
ωr3
)
. (6)
Here ω is a physical constant (a quantum-gravity parameter) of dimension
[cm−2]. It is easy to see that one recovers the classic Schwarzschild solution
(5) when one puts, in the KS solution (6) for the f(r) function, ω →∞.
1 See also references [38,39,40], and [41].
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The location of the event horizon is given for a static metric by gtt ≡
f(r) = 0, which for the KS solution yields [33]
( r
M
− 1
)2
= 1− 1
2ωM2
. (7)
Clearly, there are two horizons, inner and outer, of the KS black hole space-
times if
ω > ωc =
1
2M2
. (8)
For ω < ωc a naked KS singularity occurs at r = 0, where the Ricci and
Riemann tensor components behave as (see [33]),
[Ricci, Riemann] ∼ 1
r3/2
∼ ∞. (9)
Note that the KS metric is not Ricci flat. Instead, one has (for large ω),
[Ricci] ∼ 1
ω
+O( 1
ω2
) . (10)
For more details see ([42]). It is convenient to write the metric (3) in the form,
ds2 = e−2Φ(r) ds2∗, Φ(r) = −
1
2
ln f(r), (11)
ds2∗ = −dt2 +
1
[f(r)]2
dr2 +
r2
f(r)
dθ2 +
r2 sin2 θ
f(r)
dφ2. (12)
The ultra-static2 metric (12), which is conformal to the original metric (3) is
often called the “optical geometry” metric. The reason for this name follows
from the fact that light trajectories are not only (null) geodesics in the four-
dimensional spacetime, but they are also space-like geodesics in the 3-D space
of the optical geometry (12). This property is useful in studying the motion of
particles and photons, as often non-trivial information may be easily deduced
directly from the geometry, in particular the geometry of embedding diagrams.
This is why the optical geometry embeddings are helpful in building physical
intuition and therefore worth studying. From (12) one deduces that the line
element on the 2-D equatorial plane in the KS optical space is given by
dℓ2 =
1
[f(r)]2
dr2 +
r2
f(r)
dφ2. (13)
2 The ultra-static metrics are defined by ∂tgik = 0, gti = 0 and gtt = −1. Their properties
have been reviewed by Sonego [43].
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4 The embedding procedure
Note that the line element on the 2-D equatorial plane in both the simply
projected space (4) and the optical space (13), may be put in the form
dℓ2 = grr(r) dr
2 + gφφ(r) dφ
2
= dr2∗ + r˜
2 dφ2, (14)
where r∗ is the “geodesic” and r˜ the “circumferential” radius of an r=const
circle. These two radii are defined by
r∗(r) =
∫ √
grr dr, r˜(r) =
√
gφφ. (15)
Thus, in the simply projected metric we have
r∗(r) =
∫
1
[f(r)]1/2
dr, r˜(r) = r, (16)
and in the optical geometry we have
r∗(r) =
∫
1
f(r)
dr, r˜(r) =
r√
f(r)
. (17)
The curvature K of an r=const circle and the Gaussian curvature of the
equatorial plane at the circle are given by
K = +1
r˜
(
dr˜
dr∗
)
, G = −1
r˜
(
d2r˜
dr2∗
)
. (18)
The curvature radius of the circle is defined as R = 1/K. The Gaussian cur-
vature G has the dimension of [cm−2].
In the embedding procedure, one determines a function
Z = Z(R), (19)
such that in the 3-D Euclidean space
dℓ2 = dR2 + dZ2 +R2 dφ2 (20)
the 2-D surfaces Z = Z(R) have the same intrinsic geometry,
dℓ2 =
[
1 +
(
dZ
dR
)2]
dR2 +R2 dφ2, (21)
as the intrinsic geometry on the equatorial plane
dℓ2 = dr2∗ + r˜
2 dφ2. (22)
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Equating expressions (21) and (22) one gets equations which determine the
embedding function in the parametric form Z = Z(R(r)), with r being the
parameter, [
1 +
(
dZ
dR
)2]1/2
dR = dr∗(r), R = r˜(r). (23)
The explicit solution for dZ(r)/dr follows after short algebra,
dZ
dr
=
dR
dr
√(
dr∗
dr
)2(
dr˜
dr
)−2
− 1, (24)
dR
dr
=
dr˜
dr
. (25)
The functions r∗(r) and r˜(r) are given in terms of grr and gφφ by Eq. (15),
and grr(r) and gφφ(r) are given by Eqs. (4), (13) in terms of the function f(r),
which is itself given by (6). Knowledge of these functions allows one to directly
integrate (24) numerically and obtain the embedding profile Z(R).
Eqs. (24)-(25) do not always determine directly a function Z(R), because
the relation F (R,Z) is multi-valued and does not determine a unique mapping
R → Z. This is never a problem in practice, however, as it is always obvious
which specific map should be chosen. The specific choice defines uniquely the
relation, indeed a function, Z(R). It is this function which we have in mind
here. This remark concerns mostly the region between the “turning points” in
the optical space embedding (which we discuss later).
Note that (24) may be also written as
dZ
dR
=
1
r˜
√
R2 − r˜2 = 1
r˜
√
[R− r˜][R+ r˜] . (26)
Because R and r˜ are (by definition) non-negative, the condition that the func-
tion under the square root in Eq. (26) be non-negative reads
R ≥ r˜. (27)
If condition (27) is not fulfilled, then the embedding in the 3-D Euclidean space
is not possible. One knows that sign(G) = −sign(d2r˜/dr2). It follows that the
Gaussian curvature of the embedded surfaces changes sign as Z increases,
both in simply projected and optical spaces, being always positive in the anti-
gravity region. This change of sign does not depend on the existence of photon
orbits, since it appears for all values of ω (see for instance Fig. 2 for the simply
projected case and Figs. 5, 6, 7 for the optical case).
5 Embedding of the KS equatorial plane
For simplicity of notation, we will use from now on a re-scaled (dimensionless)
version of the quantum parameter ω. The re-scaling is defined by ωM2 → ω.
Similarly, we re-scale length, x = {r, R, r˜, Z, ...}, by x → x/M . There is no
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danger of confusion between the two versions of ω and x, so we will use the
same symbols for both of them. For example, the critical value of ω defined
by (8) may be simply written as ωc = 1/2.
5.1 The case of a simply projected space, Eq. (4)
By using the procedure described in the previous Section, we derive for the
function Z = Z(r) that determines the shape of the embedding profile,
dZ
dr
=
√√√√√√ −r
2ω
(
1−
√
1 + 4ωr3
)
1 + r2ω
(
1−
√
1 + 4ωr3
) , r = R. (28)
In the case of the black hole, i.e. ω > 1/2, the whole region r+ < r <∞ can be
embedded (from the outer horizon to infinity), as the condition (27) is fulfilled
everywhere. The region 0 < r < r− can also be embedded. We show examples
of this embedding in Fig. 1.
For naked singularities, ω < ωc, one can construct embedding diagrams for
the entire range of the radial coordinate 0 < r < ∞. Examples are presented
in Fig. 2.
0 2 4 6 8 10
0
2
4
6
8
R
Z
0 2 4 6 8 10
0
2
4
6
8
R
Z
Fig. 1 Embedding diagrams for the equatorial plane in the simply projected 3-D space of
the KS black hole spacetime. The left column shows the function Z(R), the right column
shows the 2-D curved equatorial plane embedded into the 3-D Euclidean space. Top diagrams
are constructed for ω = 1 and the bottom ones for ω = 5. The “outer” part of the equatorial
plane ends at the location of the outer horizon. There is also the “inner” part of the equatorial
plane, corresponding to the 3-D space inside the inner horizon. The embedded antigravity
region is painted dark violet. As the circumferential radii of the outer and inner horizons
are different, there is a clearly visible discontinuity in geometry.
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Fig. 2 Embedding diagrams for the equatorial plane in the simply projected 3-D space
of the KS naked singularity spacetime. The top diagram corresponds to ω = 0.1 and the
bottom one to ω = 0.3. The embedded surfaces go all the way to r = 0, i.e. the location of
the naked singularity (the lowest central point on the surfaces).
5.2 The case of the optical space, Eq. (13)
In this case, the embedding profile is given by equations,
dZ
dr
= f−1(r)
√√√√1− f−1(r)
[
1− 3
r
(
1 +
4
ωr3
)− 1
2
]2
, (29)
dR
dr
= f−3/2(r)
[
1− 3
r
(
1 +
4
ωr3
)−1/2]
, (30)
R =
r√
f(r)
. (31)
The “turning points” of the embedding profile are given by the condition
dR
dr
= 0. (32)
According to (18) they are spacelike geodesic circles, and therefore they cor-
respond to the location of circular photon orbits in the KS spacetime.
From Eq. (29), we can see that embedding is possible if
1− f−1(r)
[
1− 3
r
(
1 +
4
ωr3
)− 1
2
]2
≥ 0. (33)
5.3 Three classes of embedding diagrams
In terms of ω, the locations of horizons [given by Eq. (7)], turning points [given
by Eq. (32)], and the limits on the embedding procedure [given by Eq. (33)] are
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shown in Fig. 3. The Figure suggests that there are three classes of embedding
diagrams in optical geometry:
class 1: The range ω < 13
√
4
3 corresponds to naked singularities. No hori-
zons are present. There are no turning points or embedability limits, either.
The whole region from r = 0 to infinity can be embedded. Examples of em-
bedding diagrams of this class are pictured in Fig. 5.
class 2: The range 13
√
4
3 ≤ ω < 12 corresponds to naked singularities as
well. However, turning points exist. Embedding diagrams for this class are
shown in Fig. 6.
class 3: The range ω > 1/2. The object is a black hole and there are
horizons. Also, limits on embedability and turning points are present. There is
always an embedability limit outside the outer horizon. Embedding diagrams
for this class are shown in Fig. 7.
class 1
class 2
class 3
r ® 3
r ® 9/4
r ® 2
r ® 0
0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0
0.5
1.0
1.5
2.0
2.5
3.0
Ω
r
Fig. 3 Relevant radii in KS spacetime. The long-dashed line shows location of the horizons.
It is given by Eq. (7). The short-dashed line shows the location of turning points in the
optical geometry. It is given by Eq. (32). The solid line shows limits on embedability (in
the optical geometry case). It is given by Eq. (33). The shaded region cannot be embedded.
Numbers near the right axis show the asymptotic (ω → ∞) behavior of the corresponding
curves. The vertexes of the (horizontal) “parabolas” that these three lines represent are
at (ω, r) = ( 1
3
√
4
3
,
√
3) and (ω, r) = ( 1
2
, 1). These two locations define the split of the
parameter space into three classes, as shown by vertical lines and labels, and as described
in the text.
6 Discussion
6.1 Comparison between KS and Reissner-Nordstro¨m cases
As mentioned before, the qualitative properties of the KS solution resemble
those of Reissner-Nordstro¨m spacetime. In particular, we see from Fig. 4 that
the radii corresponding to horizons and photon orbits have the same structure
in both spacetimes, when instead of ω the horizontal axis displays q−2, where
Embedding diagrams of the Kehagias-Sfetsos spacetimes 11
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.5
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2.5
3.0
q -2
r
Fig. 4 Relevant radii in Reissner-Nordstro¨m spacetime. The lines and the shaded area have
the same meaning as in Fig. 3. The radial coordinate is re-scaled as r → r/M and the charge
parameter is q = Q/M . We see that the radii corresponding to turning points and horizons
have the same qualitative behavior as in KS spacetime, however the embedability conditions
are qualitatively different.
0 2 4 6 8 10
0
2
4
6
8
10
r
R
0 2 4 6 8 10
0
4
8
12
R
Z
0 2 4 6 8 10
0
2
4
6
8
10
r
R
0 2 4 6 8 10
0
2
4
6
8
10
R
Z
Fig. 5 Class 1 of the embedding diagrams (a naked singularity). The optical geometry case
is shown. Top: ω = 0.2. Bottom: ω = 0.05. The left column shows the circumferential radius
R(r), the middle column the embedding profile Z(R), and the right column the embedded
surface. The grey color at the profile shows the antigravity region, the grey point shows the
location of the zero-gravity sphere. The antigravity region is indicated by a dark violet color
in the embedded surface. See subsection 6.2 for a more detailed explanation.
q = Q/M is the charge-to-mass parameter in RN spacetime. The antigravity
radius also has a similar behavior in both cases, meaning that in the naked-
singularity region it is always positive and goes to infinity if the parameter
of Fig. 3 or Fig. 4 goes to zero, whereas in the black-hole region the static
region between the singularity and the inner horizon is of antigravity. The
difference appears in the embedding limits for optical (and simply projected)
geometry, as first discussed in [37]. As shown in Fig. 4 for optical geometry, in
the black-hole case the inner region can be embedded only in KS spacetime.
Also, the embedability limit in RN is always below the antigravity radius for
the naked-singularity case.
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Fig. 6 Class 2 of the embedding diagrams (naked singularity). The optical geometry case
is shown. Top: ω = 0.45. Bottom: ω = 0.4. The left column shows the circumferential radius
R(r), the middle column the embedding profile Z(R), and the right column the embedded
surface. The grey color at the profile shows the antigravity region, the large grey dot shows
the location of the zero-gravity sphere. The region where centrifugal force is reversed is
shown in red. The antigravity region is indicated by a dark violet color in the embedded
surface. The dark large dots show the locations of the turning points. They correspond to
the circular photon orbits. The photon orbits are indicated by solid circles at the embedded
surface. See subsection 6.2 for a more detailed explanation.
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Fig. 7 Class 3 of the embedding diagrams (black hole). The optical geometry case is shown.
Top: ω = 0.55. Bottom: ω = 1.00. The colors and curves have the same meaning as in Fig. 6.
There are two disconnected “spaces” here: the “outer” space outside the outer horizon, and
the “inner” space inside the inner horizon and around the central singularity. Note that the
embedding diagrams do not end at the inner and outer horizons, but at radii corresponding
to the embedability limits, which are located close to the horizons. Near embedability limits,
the embedding diagrams have horizontal asymptotes, as dZ/dR = 0. This cannot be nicely
illustrated. Thus, in the Figure, the surfaces stop slightly before the embedability limits.
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Concerning the simply projected geometry, while in KS spacetime embed-
ability is always possible in static regions, Eqs. (16) and (24) imply that the
embedability condition in RN is given by r ≥ q2/2, and since the horizons
are given by r± = 1±
√
1− q2 there is, in the black-hole case, a region inner
to r− (the inner horizon) which can be embedded. However, this region never
extends up to the singularity. In the naked-singularity case the embedability
limit is always below the antigravity radius, which is given by r = q2.
6.2 Antigravity and centrifugal force reversal
In the original “physical” spacetime (3), one considers a general circular mo-
tion, with the four-velocity,
dxi
ds
= ui = γ
(
N i + vτ i
)
, (34)
where N i is a timelike unit vector in the t direction, and τ i is a spacelike unit
vector in the φ direction3. We will define the orbital velocity V = γv. The
acceleration in circular motion equals
ai = u
k∇kui = gi + ci, (35)
where the “gravitational” and “centrifugal” accelerations are given by formulae
which refer (formally) to the optical space,
gravitational gi = N
k∇kNi = ∇iΦ, Φ = −1
2
ln f, (36)
centrifugal ci =
V 2
R λi, λi =
∇ir˜
[(∇k r˜)(∇k r˜)]1/2 . (37)
We stress that gi and ci “live” in the original “physical” spacetime, and that
the reference to the optical space is made here mostly for a formal convenience.
Not only for convenience, however. This reference also helps to strengthen a
physical intuition, as we will see later when discussing the embedding diagrams
of the KS optical space.
In the above formulae (36)-(37), the “gravitational potential” Φ is given
by the optical space conformal factor (11), and both the curvature radius of
the orbit R and the unit space-like vector orthogonal to the trajectory λi are
defined (and calculated) in the optical space.
For the free, geodesic circular orbits it should be ai = 0. Therefore a neces-
sary condition for the existence of the geodesic orbit is that the gravitational
and centrifugal accelerations point to the opposite radial directions,
gic
i < 0 (38)
3 N i is parallel to the Killing vector ηi = δit that exists due to time symmetry, and τ
i is
parallel to the Killing vector ξi = δiφ that exists due to axial symmetry. Thus, N
i and τ i
are covariantly defined, and therefore v and γ = (1 − v2)−1/2 are also covariantly defined.
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in the optical space. In a situation familiar from Newtonian physics, gravity
always pulls inwards and the centrifugal force always pushes out, and therefore
the condition (38). In KS spacetimes the situation is more complex, as two
rather unusual effects are present: antigravity and centrifugal force reversal.
Let us define the “signs” of gravitational and centrifugal accelerations by
[g] = sign(giki), [c] = sign(c
iki), where ki = ∇ir. (39)
It should be obvious that gravity pulls in, pushes out or vanishes depending
on the sign of [g],
[g] =


+1 gravity pushes out (“antigravity”)
0 gravity vanishes
−1 gravity pulls in
(40)
and that the same is true for the centrifugal force,
[c] =


+1 centrifugal force pushes out
0 centrifugal force vanishes
−1 centrifugal force pulls in (“reversal”)
(41)
In the embedding diagrams, the region of antigravity, close to the naked
singularity at r = 0 is represented by a strong violet color, and the sphere
(a circle on the equatorial plane) of zero gravity is shown in the embedding
profiles by light grey. In the region of antigravity the centrifugal force also
pushes out, so condition (38) is not fulfilled—free circular (geodesic) orbits
are not possible there. Also note that, in the black-hole case, the whole region
between the singularity and the inner horizon is an antigravity region—free
circular (geodesic) orbits are not possible there.
The centrifugal force reversal happens in the region where, in optical geom-
etry, the circumferential radius r˜ = R decreases in the direction of increasing
r∗, colored red in Figs. 6, 7. In these regions the gravitational force pulls in, so
condition (38) is not fulfilled — free circular orbits are not possible there. The
centrifugal force vanishes (for any finite value of the orbital velocity V ) at the
turning points where r˜ = R has a local extremum (minimum or maximum).
The minima corresponds to unstable, and maxima to stable circular photon
orbits. These orbits are distinguished by solid circles in the optical geometry
embedding diagrams.
7 Conclusions
We have discussed geometrical properties of KS spacetimes in terms of em-
bedding diagrams. The KS metric describes a static, spherically symmetric
spacetime in the Horˇava quantum gravity theory. The non-Einsteinian (quan-
tum) features of the metric are governed by a single parameter ω, which has
dimension [cm]−2. The central KS object, with mass M corresponds to either
a black hole (when ωM2 > 1/2) or a naked singularity (when ωM2 < 1/2).
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Fig. 8 A sequence of KS objects in simply projected space, showing a transition between
the naked singularity and the black hole state (from bottom to top along the sequence shown
in the Figure). The transition is a discontinuous one. For ω < 1/2 there is no horizon, and
at ω = 1/2 a finite-size horizon is formed. Its location is shown by a black dot and a solid
line in the ω = 0.500 panel.
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We show that a (hypothetical) transition from a naked singularity to a
black hole state may be discontinuous, as clearly demonstrated by a sequence
of KS spacetimes (Fig. 8), with the horizon size starting from a finite value.
This may have an observable astrophysical signature. A similar discontinuity
may occur also in the case of the conversion of a Kerr naked singularity into
a near-extreme Kerr black hole [44].
We also discussed the phenomena of antigravity and of centrifugal force
reversal present in the KS spacetimes. The first one is present for naked sin-
gularities, but not outside black holes, the latter for both naked singularities
and black holes.
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A Reference guide to Horˇava’s gravity
Here we give some additional references that may be useful in the context of
our article.
The Horˇava gravity (or “Horˇava-Lifshitz” gravity as it is often called) is
considered as one of the most promising approaches to the quantum gravity.
(see [45,46,47,29,30,48,49,50]).
The solutions of the Horˇava-Lifshitz effective gravitational equations have
been found in [51,52,53].
The spherically symmetric solution of the Schwarzschild character has been
found in the framework of the modified Horˇava model and are given by the
Kehagias-Sfetsos (KS) metric, which allows for existence of both black hole
and naked singularity spacetimes. (see [33,54]).
In connection to the accretion phenomena, the KS metric has been ex-
tensively studied in a series of works related both to the particle motion and
optical phenomena (the last two references below) that can be relevant for
tests of validity of the Horˇava-Lifshitz gravity. Here we demonstrate the prop-
erties of the KS spacetime using the embedding diagrams of both the direct
geometry and the optical geometry reflecting some hidden properties of the
spacetime and its geodetic structure. (see [55,56,57,58,59,60,61]).
In this paper we discussed not only the KS black holes, but also the KS
naked singularities. Some phenomena found in the KS naked singularities are
similar to these found for the Reissner-Nordstro¨m naked singularities, (e.g
[38]), the braneworld naked singularities (e.g [62,63,64])and the Kerr naked
singularities (e.g [65,3,66,41]).
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